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Summary 

The objective of this research was to contribute to the fundamental understanding of 
hybrid control systems and to explore the use of hybrid feedback in problems of interest 
to the Air Force. It is our contention that hybrid control's vast potential has barely been 
tapped and a primary reason for this is that the theory governing hybrid systems has 
remained mostly "ad-hoc" in nature. We aimed to provide a solid, foundational 
understanding of hybrid systems that will enable the vast potential of hybrid control to be 
realized. On the analysis side, we investigated the implications of different hybrid 
semantics, the simulation of hybrid systems, and the interconnection of hybrid systems, 
all of which are important for understanding hybrid control design and evaluation. On 
the control side, we focused on synthesis of robust hybrid control systems. Special 
attention was given to problems involving online decision making, especially for 
unmanned air vehicles, on time scales that are similar to the natural time scales of the 
physical system for which decisions are being made. We also investigated the use of 
hybrid control in traditional feedback loops, including the use of reset control systems, 
hybrid logic in anti-windup control, and the design of hybrid patchy vector fields. 
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Research Accomplishments 

Hybrid control design 

Global asymptotic stabilization of the attitude of an underactuated rigid body: The 
problem of globally asymptotically stabilizing attitude for an underactuated rigid body is 
relevant for satellite pointing and tracking. The problem is a challenging one for 
multiple reasons. Locally, under actuation makes the linearized model non-controllable 
and so nonlinear effects must be exploited to achieve convergence to the desired 
orientation. In fact, to achieve robust local asymptotic stabilization, non-classical 
(hybrid) control algorithms are necessary. Globally, orientation problems present 
inherent topological constraints that preclude global stabilization using classical 
techniques. Fortunately, both local and global obstructions to stabilization can be 
overcome using hybrid feedback. We illustrated this fact in [41] where we developed 
nontrivial hybrid feedback control laws to achieve global asymptotic hybrid feedback 
stabilization for the orientation of an underactuated rigid body. 

Autonomous vehicle source seeking: A problem of interest to the Air Force is the design 
of control algorithms to enable autonomous vehicles to locate the source of an intensity 
field, using only measurements of the strength of the intensity field. The vehicle's 
dynamic constraints play an important role in the efficient designs of such algorithms. In 
our work, we showed how to exploit efficient line search optimization algorithms in the 
context of source seeking via autonomous vehicles with nonholonomic constraints 
[36,39,47]. The backbone for understanding the overall dynamical behavior, which 
combines vehicle dynamics and the dynamics of the optimization algorithm, is hybrid 
systems theory. The algorithms can be designed so that the overall closed-loop system is 
"well-posed", in the sense that it is guaranteed to be robust to small perturbations and 
measurement noise. 

Control of systems with impacts (juggling control): A largely unexplored area of control 
design arises when control can only be exerted through impacts on the mechanism to be 
controlled. A prototype for such a control problem involves stabilization a set of balls to 
a rhythmic pattern corresponding to juggling. This problem poses a wealth of 
challenges. We have made considerable headway by modeling control via impacts using 
our recent mathematical formulation of hybrid dynamical systems, which includes the 
notion of hybrid time domains. The characterization of tracking is nontrivial, since the 
actual system and the system to track may experience impacts at different times. 
Nevertheless, an efficient description of tracking can be given and can be achieved with 
feedback control [45]. 

Supervisors of hybrid controllers for global asymptotic stabilization: The concept of 
hybrid supervisors for classical controllers in order to improved performance through 
intelligent switching has been in the literature for over a decade. We extended this idea 
to the supervision of hybrid, rather than classical, controllers. This extension helps to 
make more modular the design of complex hybrid control systems. The ideas can be 
used in a wide variety of control problems including problems for which no classical 
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feedback controller exists. Our ideas on this topic, which generalize our earlier results 
on "throw-and-catch" control [51,38], hybrid patchy feedbacks [11], and patchy control 
Lyapunov functions [58], were documented in [32,75]. 

Hybrid systems analysis 

Homogeneity, Zeno behavior, and "linearizations": A fascinating phenomenon in 
hybrid dynamical systems is Zeno behavior, which occurs when a solution experiences an 
infinite number of jumps in a finite amount of time. Researchers have exerted much 
effort to characterize when hybrid systems will admit Zeno behavior. In our work, we 
gave necessary and sufficient Lyapunov conditions for a stability property that is strongly 
related to Zeno stability, and we fully characterized Zeno behavior for systems that are 
approximately homogeneous. In turn, this homogeneity study permitted us to define 
"linearizations" for hybrid systems and deduce local asymptotic stability properties from 
those of the linearization [34,37]. 

Matrosov functions: A commonly used tool for establishing asymptotic stability in 
classical and hybrid systems is the Lyapunov function. In the hybrid setting, a Lyapunov 
function is a positive definite function that decreases along flows and at jumps prescribed 
by the hybrid system's data. While smooth Lyapunov functions always exist for hybrid 
systems (see, for example, [14,4]), they can be difficult to find. With this in mind, 
additional analysis tools that relax the standard Lyapunov conditions are desirable and 
helpful for analysis. In this direction, invariance principles are certainly useful. See, for 
example, [10]. Another related tool comes through the notion of "Matrosov functions" 
which are based on an idea due to Matrosov in the 1960's for time-varying systems. 
Matrosov functions comprise a finite family of functions, none of which is always 
decreasing but for which the first one is not increasing and is decreasing at some places in 
the state space, the next is not increasing where the one before it is not decreasing, and so 
on in such a way that the entire state space is covered. The existence of Matrosov 
functions for a hybrid system guarantees asymptotic stability. We established such a 
result and illustrated its application in [40]. 

Invariance principle applied to switching systems: An often-studied class of systems is 
so-called "switching systems". These systems can be viewed as a special case of hybrid 
systems and then invariance principles for hybrid systems can be applied to them. To 
illustrate the power of the invariance principle we developed in [10], we applied it to 
switching systems in [3]. In this work, we showed that our results cover all known 
existing results on invariance for switching systems and we also provide significant 
extensions. These theorems allow us to establish asymptotic stability for switching 
systems under weaker conditions than have appeared in the literature previously. 

Analysis of Networked Control Systems: Networked control systems comprise several 
systems controlled over a common communication network. Such systems are 
becoming more and more common in industrial and battlefield applications. Stability in 
such systems can be somewhat difficult to predict due to communication variability, 
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delays, and dropouts. Networked control systems can be modeled as hybrid dynamical 
systems and thus stability analysis tools like Lyapunov functions, Matrosov functions, 
and invariance principles can be applied to study stability. We continued to develop 
new Lyapunov-based and input-output-based analysis tools that can be used to certify 
asymptotically stable behavior in networked control systems [13,18,5]. Our results 
provide some of the least conservative results available in this area. 

Additional work: In addition to our work on hybrid systems, we continued to make 
contributions in the areas of anti-windup synthesis [7,9,19,20,60], direct design for 
systems with actuator saturation [78,55], and model predictive control [12,50]. Our 
purpose here is to refine our previous results on these topics, preparing the way for the 
introduction of hybrid control aspects into these feedback control methodologies. 
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